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INTRODUCTION. 

M. Appell, in a brief note in the " Annalea de la Faciilte des Sciences de 
Marseilles," gives as an example ol' a function of three variables having a true 
period and a quasi-period, analogous to the 9-functinns, the function 

f[x, y, s)— "2°'c"™' + *'^"'' + ^i""' + *™, 

where, in order that the series may be convergent, the real part of a is to be 
negative. 

This function evidently satisfies the conditions 

<p{x-\-a, y-\-2x + a, ^ -f S^' + Sy ^-a)=^^« + ^«+«^ + Xa., y, z), 

dx dyoz ay os 

Moreover, as M. Appell shows, these conditions are sufficient to determine 
f(x, y, s) to within a constant factor. 

The object of the present paper is to investigate the properties of this 
function and of functions derived from it, as well as of others aimiiar to it, 
pointing out, as far as possible, their analogy to those of the 0-functions. As 
is not surprising, some of the properties of the latter seem to have no analogues 
in the case of the functions here considered. In such instances it has been 
endeavored to assign the reason, as far as possible. 

The great difficulty throughout the preparation of this thesis has been the 
utter poverty of known theorems holding for functions of more than one complex 
variable. As a consequence, this work has been rather of a tentative nature. 

In tliis, the assistance rendered me by Professor Craig, at whose sugges- 
tion this subject was selected, was invaluable, my appreciation of which it is 
only proper that I express hei'e. I desire also to acknowledge the debt of 
gratitude I owe to both Professor Craig and Professor Franklin for their 
interest manifested in my work throughout my entire connection with the 
Johns Hopkins University. 
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Ijeif{x, y, 2) be a holoraorphic fuiiotion satisfying the coiiditionH 
/(.. + ,.„ y, ,)=/ix, y+.o„ ,):=f(,;, y, . + <.,)=/(^, y, z), (1) 






(3) 



where wj, lUg, wg are any quantitiea, real or imaginary, 
p any given integer, 
a a constant whose real part is negative. 

The most general entire function of ^, y, z satisfying conditions fl) is given 
by the Fourier series, 

/(», J, ^) = _'l"_ 'f_ _'i'_a,,,..'"".'*+i'+.r"' (4) 

where Ct,i,M is independent of a.-, 1/, «, In order that/(.t;, y, s) also satisfy 
conditions (3), we must have 

k-:=lm. and I = wi' 
or 

and we now have only the simply infinite series 

/(», !,, .) = _"i_c.e""i;"+i""+i"'. (4') 

Finally, from (2) we have, on mnlfciplying both sides of the equation by 
and properly collecting the terms 
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Ill order that this equation be satisfied, it is evidently neoessary and siiiRcient 
that, for all values of m, 

0^ = C„, + „. 

Heuee the most general function of .^•, y, z satisfying the conditions (1), (2), 
(3) will be given by 

j{x, y, z)= "J c,.r"+""'^r'+i-r'+i'"^ (5) 



Since by hypothesis the real i)art of a is negative, this function is holomorphic 
for all values of ic, y, z. 
If we write 



Ri(x, y 

R,{x, y, z)z= X< 






.R,(^-, y, .)= 2, 



alip + p}< + Ml^ <_kp+ ,S+Z(t!>+p)3+^{tj.-f.p)] 



B,{x, y,z) = 



a (kpY + ■in [ ^ ikf,}> + X (kp)'+ ± (^)l 



(6) 



it is clear that /(a; , y, z) will be a linear homogeneous function of U^, U^, . . . . , 
Ep, .... Up. Moreover, the latter are linearly independent, as may be seen at 
once from their development. They can, however, be replaced by simpler 
fuBctions. Write 



(p(x, y, s)= 2 6"""+""!=- 



(7) 



Then, for )., fi, v any integers, we have 

or 

'^ J> P P (8) 
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Giving to /, II, V each separately all values from to p — 1 we get p" equa- 
tions of the type (8) to be satisfied by the p quantities R . Of these p* equations, 
only p can he independent. Moreover there are p independent ones among 
them, viz. as we shall see, those obtained by putting >.=:/j=0 and letting ^ 
take all integer values from to p — 1 ; these are 



»=0, 1, ... 



.+«—«,+ .... +B„ 
p-1. 



f{x + 



y+'' 



+ -p=V. /., "]■ 



y ■ P 
[0, 0, ^] = {.(«, >J, J)=f.. 



Our equations (9) may then be written 

[0, 0, 0] = C.= Bt + Ii, +....+ ii, + ....+ie, 

[0, 0, i]=c,=r,B,+r,B,+ ....+)-A+ ■■•■+?,«. 
[0, 0, 2] = c, = rfi!, + ?-iB. + ....+rXH +)-SB, 



(9) 



For the sake of brevity we shall introduce the following notation. Write 

y(a,, !,, ^) = [0, 0, 0] 

y(a, + |"!, s, .) = [;,, 0, 0] 

y(«, J + (|-', «) = [0, p, 0] 

y{«, y, , + '^) = [t), 0, .] 



[0,0,y-l] = 
where 



= rf-'B,+ rr'lt,+ .. . . + rr'''"-+ ■ • • ■ +rl-'R, 



(10) 



', of these equations follows at once from the fact that the 
determinant of the system 
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1 ,1 , .... 1 



-n (r.-M) i^j 



is evidently diifereiit from zero, tlie y's being the p'^ roots of unity. Of course 

(p-~\i {p--i) 
the value of # is (— 1} ^ p" . 

Denoting tiie minor of 7-* in J by G_i, i,, the determinant of the minors is 

a.o , C-,,! ,■■■■. Q,_i,, 



Solving equations (10) , we have 

z(_B,= a, ,c.+ a, ,&+«.,& + . ••■ + «,,_,&-■ 
Ji4=o,,,c, + c;,,c, + c;.jG+ •■■■ +Ci,,-,c,-i 

JB,= q,_,,,c,+ C,_,,,C,+ C„_,,,C!+ ..■■ +c,_,,,_,c, J 



(11) 



The remaining p" ■ — p functions [^, /(, v] for /, /! = 1, 2, , p — 1 and 

v = 0, 1, 2, . . . . , p — 1 can now be expressed as linear homogeneous func- 
tions of 

Z. ^ = 0, 1, 2,.... , p — i. 

From (6) it is obvious that 



fi,(i«+— ', J, !i) = i!"' » B,(»'. », »)=rt'-B, 



-B,(» + '^', S. ») = /"■ 'Tfl.(»^, 



(12) 
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Making these ehanges in {11) we get the following J3 systems of p — 1 equations 
each: 

rU£, = c',,,[;., 0, o] + c,,,[J, 0, i]+ .... +(?.,,-,[*, o,y— i] (la,) 

rtMB,=C',_,,„[;.,0,0]+C,_,,,[J,0,l]+,...+C,_,,,_,p,0,j)— 1](13,) 

Ji!, = (?,_,,,[;,, 0, o]+q,^,,,[;.,o,i]+... +Q,-,,,^,[J, o,p— i](i3,) 
;. = i, 2, .... , p— 1. 

The determinant of each of the systems of ji equations obtained l>y taking the 
A*" equation of each of the ahove sets is D, which is diiferent from zero since 4 

Hence we can solve for the p^ — p quantities [A, 0, v]for /=:^1, . . .. , p — 1 

andv = 0, 1 ,p — 1 in terms of Bi, ii!a, ...., iJp, which, in turn, can 

be expressed linearly in terms of 

C, i' = 0, 1, .... p — 1. 

Thus, taking the system 

r»^B, = c.,,[i, 0, o] + e,.,[;., o, i]+ .... +(?,,,_,[;, o, p— i] ~i 
)-;Mfi,= £;,,[;., o, o] + c,,,[;,, o, i]+ .... +o,, ,_,[;., o, p — i] 

rS'^i;,= 0,-1, o[;,, 0, o]+c;_,, ,[J, o, i]+ . . . . +c,_,, ,_,[/., o,p_i] | 

iiii,=q,_,,.[x, 0, 0], q,„,,,[;,, o, i]+.. ..+o,_,,,_,[J, o,p-i]' J 

and remembering that the minor of Q, j. in D is ;-^'^^ Ji*"'^, we have 

[J, 0, »]= 2 r!'?-;'*,. 

And finally, from (11) 

J [/, 0, .] ='/ ' 2 r!V;c;_,.iCi (14) 

/:=1, 2, .... , p — 1 ^^0,1,2 , p — 1. 

In exactly the same way we get 

j[o, ,j, v]=V' 2,r;"nC,_,,,C, (15) 

/j=l, 2, p — l » = 0, 1, 2 p — 1 
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Jio, ,j, 1.] = J ?t;V;c,_,,,[o, o, o]+ s ?-;'r;c,_,.,[o, o, i]+-... 

+ •■■■ +Jr;V;o,_,..[o, 0, »] + ..•■ +sr;'r;c,^,,,_,[o, o, y-i]. 
.-. J[)., u., v]= 2 r;"r;c,_, ,,[;., o, o] + jr;7;cr_, ,[i, o, i]+ .... 

Whence, from (14) we have 

+ 2rrr;c,_.,,2Si.!-v,,P,'-,,jCi 

+ 

A, /i=l, '2, .... , p—\ t=;0, 1, 2,....,p — 1. 
If we write (14) in the form 

[A, 0, .] = i-'/ ■' £ ^;;.;C_^ .^. = ._y~2 ^;:'.Cj (17) 



;- 2^ s nV;c_i,,,.:, = -j 2 Af^.z^ 



the determinant of any of the systems of p equations obtained by keeping / 
fixed and allowing i/ to take all values from to _p — 1 is seen at once on 
writing it out, to be 

or since i)= Jr-i^ 

Similarly, writing (15) in the form 

the determinant of any of the systems o£ p equations obtained by keeping ,u 
fixed IS found to be 
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10 
Finally, (16) may be put in the form 



The ooefficients liere are, to wttliin the factor -g-, the olemciits of the deter- 
minant obtained by taking the product 

We have thus expressed all of the ■^ quantities 

[/, !x, v] ;., /,, ^ = 0, 1, 2, .... p — 1 
»B linear homogeneous functions of the p linearly iiidepen(ient ones 
[0, 0, ^-j^Ci' ^ = 0, 1, 'p — 1. 

Hence we see that every holomorpliic function of x, y, % satisfying con- 
ditions (1), (2), (3) can be expressed as a linear homogeneous function of these 
■p quantities. From which follows that there can be only p such functions 
which shall be linearly independent. 

We have obviously 

:,(^-, J, ^ + ,..)=,',(», s, .) ;.. (20) 



If for brevity we write 

af -\- 2rf l^f + V-^f + -?.))] — E(p) 

and if we denote the substitution 

, , 2aa»i I Sxwj . SdtOa , , 2u(Ua , Zxw^ ., . 2 

by Spf we also have 



(21) 
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In genera!, if 

while the effect of the substitution Sp, where ,0^0 (mod p), ii 
t>., f., r(^i ^> ^) i"** some other function altogether, in general. 



, •/, ') 



Let U9 ooiif^ider 



, in connection with the function 



C. = y(», J, z)= _ 2_^ -• + '"'^- + i-,- + ^-' 

the functions obtained by increasing e by ^ , '-^ and by ^~ respectively. 
We may write these functions briefly 

f {^, y, ^ + '-^) = f-i{^' V' ^) — 2 {— ly'e^i"" 

f(x, y,z+^-f) = <p,{a=, y, .}:::= 2 (-i)-"«^'"'> 

From what has preceded, it is plain that the functions obtained by adding to a- 
and to y, respectively, in (1) any multiples of the quarter periods corresponding 
to them, will be linear homogeneous functions of the four functions (2), In 
particular, it is obvious that 

^(^ + 'J' y, e) = 9{^> y-^'-^' ^) = 'p{x, y, ^-\-"^) = fA^, ?/' ^) 'j 

and US) 

9 (■^. ^/+^^ ^ + '^)=f G^+J, y, .+|)=p(^-+'J, y+"j, ^)=M^> y. ^) J 
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Further, we have manifestly 

ft(a; + <"M y> =^) = fii^' 2/ + "'s. ^) = fi{^, y, ^ + "'3)— S'j(a', y, ») 

j = 0, 1, 2, 3. 
If we apply the substitution 

r, , , aw. , Zxch , 3<i(»5 1 j/cug 1 33;(U3 I awj. 



(4) 



B shall get entirely new functions, for 



8s¥'o(^. !/. ^) = ^ 



m + il' + _f 



^ 






SifAx, y, z) = e ^*s(0 / 
S'(.s^a(«. y, ^) = « "2(— 1)'" 

This suggests the following functions, which may be written briefly 



M", 



.)= 2 



"Writing 

we find at once 



(»,(«,, J, ») = 2(-l)"«'-+i' 



«i": 






(S,(.T+OJ,, S ,8 ) = ,V'j+l(i». S, ') 

AC"! . » + <«!, z ) = ;#,(»!, y, z) 
(^jti" ,y ,» + '»!) = — s»j ("!,!/, z) 

ACS' .» ,. + 5)=,o(i, + ,(»-, y, .) 



y=:0, 1, 2, 3 and i^^^^''. 



whih i/>j (x + ^ , y, a) and ^j (a; + ^ , y, a) are entirely new functions not 
expressible as linear combinations of any of the functions (f>j or ^j . 
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It will be seen from these equations, that the periods of d-^ are not the same 
as those of <pj ; for, in the ease of the former, 

8((»i is the period corresponding to :: 
4o>j " " " " " J 

2(1)^ " " " " " ■ 

although each of the substitutions 

[x,y, z; x-\-4:0)^, y,z), {x, y,z; x, y-\-%M^,%), (x, y,z; x,y, z-^ot^ (8') 

operating on ^^ has only the effect of changing its sign. The e&ct of the sub- 
stitution S^p on ^j'^a:, y, s) is the same as that on ^j(a!, y,z),y\z: 

S„/,,{x, J, 2) = (-{)'.-'»>#, (I, ,j, ,) 



m 



But while 
we liave 



Sift(«. y. !)='-">' '!',{i, y, 



s, Mi, y, .) = (-;)'.-»•%{«, y, ^) 1 

In general, the effect of 5, is to change E{m) into E{m -|- 1), while 8^ changes 
E{vi) into Eim-\-p). Hence the effect of Sp on our functions is the same as 
that of S", to within an exponential factor which may be taken out from under 
the sign of summation. Similarly Sj changes E{m) into E{'m, -\~ |), and S^r + i 

changes E (m) into E {m -\- r -\- ^) . Heuce we see here also that, to within an 
exponential factor as above, the effect of Si is the same as that ai S\, and finally, 
that of Sj,, , 1 the same as that of S^''+S or oi 8\8^, or o( 8^8^. 

Changing x into — ■ x and x iuto — z simultaneously has the effect of chang- 
ing m into — m in ^, and m into — m — 1 in (p; hence it 

leaves fn, f^ and ^/'o unaltered, 
interchanges fi and (f^, 

changes ^^ into — i^p^, 
<pz into iipx 1 and 
<pi into — ipii ■ 
Consequently, as regards x and z simultaneously, we see that 

Poi fi> ^0) fifs) i^ii^s are even, and 
ip-i is odd. 
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14 

Changing the sign of a; or of e alone, or of y changes the values of all the fiine- 
tions in such a way that no conclusions as to parity can be drawn in these cases. 
In the case of each of these functions we may find those zecos which, like 
the zeros of the ^-functions, cause the vanishing of the function by the cancella- 
tion in pairs of the terms of the series defining it. This we can accomplish by 
the examination of the function tp-iix, y, s). We have, in fact, 



0) = 0. 



where h and / are any integers and y is anything at all. 

Finally, applying the substitution Sg, ^^(a;, y, a) is reproduced multiplied 
by the finite factor ( — 1)' fl-*^<'> which is different from zero. Hence we have 

The most general set of zeros of i^'-i is then, without loss of generality, from (8') , 



Changing m 


into — m - 


-1 


we get 




(»i(0, n, 


0): 


= S(-i)-— 

= — 2(— 1)" 


Hence 






^''aC^. Vy 


Or, from (8' 


), we iiave 


more generally 








(»,(4i<. , s, 



= !, + 2fa., + ° 



From the second and fifth equations of (7) and the second equation of (10) 
e can write the following table of zeros where, as above, 

h, k, I, q, are any integers, 
y anything whatever. 
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"?• 


x = 


s = 


.= 




t. 


(4i + 2)„,+ 2-5i°., 
or 


j + 2t„, + ?!^p,' 
5 + 2fc„, + 3?p,. 


(, + ,,,.. + 2,2, + ?^.,/ 




i^l 


(4;. + i)«,+?|p, 

or 




(i + i)». + 2!,5, + -2f ,■ 




ft 


4*<.,+?2f', 


j + 2i„, + 3™.,. 


''"■+2!'S''+lS°"'' 




<p^ 


(4/. + 3),», + ?2p? 








f. 


..,+ -.(*±i) 


, + .,, + 3^.(2,_i.). 


«+j)„„+2s,2(?rii)+2^(?t±J)- 




yi 


'--+-:?("'^') 


, + .„. + 3_™.(2.±lJ 


('+*)'".+^»5^fi)+^'(^; 




ft 


"'".+':?("■?') 


, + ., + 3^.(2,+ !) 


""■+^»5r?-')+^i?'(^t-)" 




f> 


.„.+-,(-±i) 


, + .,+ 3»,(2^1) 


(i+|)». + 2,J(?'' + l) + 2°£«,(* + l)' 
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Putting h^k-^l:^q=:r-^Ov!e get the following simple zeros: 



.„;.;; 




!/= " 


''!=d ' 




»■ = 




^0 


2», 



V 

y 


a 

'"a 1 




ft 





y 




<"s 
4 




ft 





3 







ft 


3<», 



y 



4 




f" 


«(Us 


^ + 'S 


2 "•■ 4Ti 




f' 


TTJ 


>+'^ 


4 ~ iTli 




j fa 


«^ 


* + ^ 


4ni 




ft 


™! 


» + ^? 


S103 , a<u^ 
"4 " "^ 4;ri 





Tlie zeros of (p {x, y, z) might have been gotten directly, as follows : 
<p^[x, y, a) = 2«""^ '"''"'" -"™ ""^"' 

The coiTespouding terms of these two series will be equal but of opposite 
sign for those values of x, y, z which make the exponents of e in the two oases 
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differ by an odd multiple of ni for all values of m. Such values of x, y, 
will evidently cause ^o(ic, y, z) to vanish. We are to have, then 

„ (/, _ ^4 + 2ni [|^ (;. - ml= + 1 {<>. - mf + £- (/. - m)] 
which on reduction becomes 



This condition is satisfied if 

// is an odd integer. 

Trim , Arri 



= (2t + l)rf. 



(12) 



where x and /> are any int^ers. 

To obtain the zeros of ^0(3;, y, i) we need only put 

y anything, as before. > (13) 



anytnmg, as oetore. > 

_r/ + 2,0 + 1 siy . VI ^ 
" L 2 (Us "■" 277i J ' J 



This can be readily verified, for, putting these values in 

-J. „.+,.,[(i.-g-).,.+j..+P-ti±.-«+£).] 



= r'irs(-ir 
because 



-„ + ..,{A.,. + M;il+J,) 



+ ■>- = (-!)" 



since for I even, /m' + A -f- 2/> + 1 is odd 

A odd, I'n^ 4- •'■ + '^9 + 1 is even or odd according as «i is even or odd. 
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When in is replaced by ;i — m, the expressiou above is only altered by having 
( — 1)" replaced by (—l)"-"'"'. Since /^ is an odd integer, 

(-1)— =-(-1)-, 

i, e. for the above values of the variables, the function is equal to its negative, 
and is hence equal to zero. 

In the above it was stated that y may be taken arbitrary. As a matter of 
fact, either y or z may be so chosen, since these two variables are, from (12), 
i onlv to the one condition 



-^^,jp.+ '^^,= {i + 2p+i)m + ap: (14) 

If 2 be taken arbitrary, our zeros will be 



1 = 



- + £-£r<». 



z =: anything 



For, on substituting these values, we get 



The effect of changing m into fi — m is to replace the factor e'"'^^"- in the above 
by 

^l^(^-m)> + (\ + 5p + l)«-2(\ + ap + l)ml.ri 

which may be written, for brevity, e'"". 
If ^ is even, L is odd 

). is odd, e*™'"i^( — 1)'", and e^'":=(— 1)"-™. 
So that for all values of / 

Which shows us, in the same way as before, that (16} is also a set of zeros. 

The fact that z in (13) and in (11) contained the arbitrary quantity y might 
have also assured us that we could so choose y as to give z any value we please, 
and still have the resulting value of the function zero. 

The zeros of ^j, pg, <p$ and those of ^oj ^i> S^3> i/'s cau also be calculated 
directly in the same way we have just found those of ipa{x, y, z), or they can 
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19 



be derived from those of fa in a manner similar to that used in obtaining the 
zeros of all the rest from those of <p%. 

A comparison of our set of zeros for ftt obtained by the two methods, which, 
in feet however, are the same in principle, will manifestly show them to be 
identical, if account be taken of (3) . 

By the first method, the simplest zeros were first obtained, and from these 
we determined the most general zeros, by observing what operations could be 
performed upon the function without altering its value, except, perhaps, as to a 
finite factor different from zero. By the second method we obtain the most 
general set of zeros at once. The simplest zeros ai-e then gotten by putting 

;— « — /^:= — 1. 

1 say that (13), for example, is the most general set of zeros possible of the 
kind here considered, for all the operations which leave the value of the func- 
tion unaltered, or unaltered except as to a finite factor other than zero, are there 
provided for. 

Thus /, so enters, that a change in it by an even integer amount corre- 
sponds to a change in x and s by some multiple of W] and wg respectively ; 
while the change in A will be an odd integer when x and z are increased or 

diminished by the same odd multiple of ~- and ~- respectively, which by (3) 
does not alter the value of the function. 

The presence of fi permits a change in z alone by any multiple of (u^ . 

y so enters in the value of z that if changed ]>y an integer multiple of 
<'>2, z will be changed by an integer multiple of wg, and if altered by an odd 

multiple of -^, the effect on s will be to change it by an odd multiple of-^. 

Finally, n being an odd integer, it represents the result of the operation of 
Sp, where p is any int^er, the effect of which is, as we saw, to leave the value 
of the function unaltered except as to a finite factor other than zero. 

In the zeros we have found, namely those which cause the cancellation, in 
pairs, of the terms of the series, only y or z (but not both simultaneously) may 
be taken arbitrary, while x cannot be taken arbitrary at all, since it enters alone 
in one of the equations of condition (12). No way of discovering other zeros 
has suggested itself; and it remains a question whether other zeros exist or all 
the zeros are confined within the above restrictions. 
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The quotienta 

f^ fi_ f^ >pa_ tp^ tpi <l>i^ 

e doubly periodic functions, the substitutions 

ySj aud {x, y, z; x + "-«>, , y + ^iu),i , z + i'K's) leaviug i^- 



If now we turn our uttention to the dorivatives of these quotients with respect 
to X, y 01 z antl inquire whether, analogously to the elliptic functions, these 
derivatives are expressible in terms of any combination of the quotients them- 
selves, it would seem that such is not the case. 

We shall first consider the derivatives with respect to z. Yar convenience 
of reference, the following tables may be of service. 

We saw, page 13, that 



«^ + «"'n y + i^'H, « + l-'"3) " 


El and & 


:.+8«<«,, j+4,3»„ z + 2r<.,) " 




j!+8™,, s+4,9,«„ M-am) " 


ft 


a;+8ft<o,, j/-t-4jM, ^ + 2j-W3) " 


i''land& 

^5 ?^ 


«, ^, J being any integers. 





Co 


nsequently 


1^ 




3i', 

3lJi 
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l-''3 are even as to x and 
is odd. 

3(5»,15,) 3(i*,#s)„, 


J jointly, ar 

odd, aud 
even. 


id that 
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! ' 3Z 




a 


f, (« + <"■■ J 


,^) = 


-4m 


^> j; + «s, 


=)=|m«. ., » 


+"')=! 


^j(^,!/>^ 




3g = (-0' 


t-^ 


La» 


_2-i 

_2iri 
(Us 


..], 

.,]. 


8, |'= 




■S^']. 

->]■ 



j=0, 1, 2, 3. 
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Tlie effect of adding multiples of w,, ojj and oig to x, y and z respectively in 
^J-^is the same aa given in (7) in the case of s^j. 
Let us now consider 

If the numerator of the second member ia expressible rationally in terms 
of (pj and ^j (j, it=:0, 1, 2, 8) it will be a linear combination of quadratic 
functions of these, for it has no infinities for finite values of the variables, and 
the effect of the substitution 8^ is to reproduce it multiplied by e~ ^® ■^' . More- 
over it is even as to x and z jointly, and is changed in sign when a is changed 
into 3-4" "'a- Finally it is reproduced multiplied by the factor e"^"^'" when 
operated on by Sj . 

Of all the 36 combinations of ip^ and tit taken two at a time, only one, 
<p„ ip„ satisfies all these requirements. Besides 

is zero whenever fn and whenever (/'^ is. Hence it would seem that we cuuld 
write 

where, since this relation must hold when operated on by iS, and when a;, y, r. 
are altered by multiples of (Oi, ("5, Wj respectively, A is a constant aud equal to 

cr, (0, 0, 0)|-v''5(0, 0, 0) 

^c(0, 0,"0) MO ,"~0", "0) 

So that we have finally 

82Lf.(»!, », ^)J~ft{0, 0, 0) t».(0, 0, O)'' yU», J, ») 

If now we apply the substitution 

(a;, y, i; » + »„ y, i) 
we shall get 

arsM£kj^n_!!^ 

BiLy, t". ». 2)J ft{0, 0, or"#.(0, 0, 0) fi(a), J, !)" 



&_fe thjLJliiijJjj) 
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which must hold for all values of iB, y, z. Substituting the first set of zeros 
for ipi given on page 16, this equation is satisfied. But using the second set we 



fs(0. tl, 0)4^={0, 0, 0) ^,(0, 0, (i)~M^, 0, 



0) 



^o(0, 0, 0) i/>,{0, 0, 0) <f,{0, 0, 0) d'JO, 0, 0) 
which is manifestly not true, for 

<fi{0, 0, Q}=zis^{0, 0, 0) 
while 

^„(0, 0, 0):!: (p,{0, 0, 0) 

as may be seen from the definition of these functions. Hence we must conclude 
that a relation of the form (1) does not exist. 
Again, if we consider the numerator of 

it will be found that of all the combinations of tpj and ijij only ft, ^s satisfies all 
the conditions that it does. Moreover, the numerator vanishes for all our zeros 
of <p|j and of (.''3. But on writing 

3 V 'po{x, y, zf\ _ ^ f^x,_ y, z) ^',{x, y, z) 
dzLa!z{x, y, s}J <fi{x, y, z) 

where, as before, B can only be a constant, we shall find, on substituting the 
first set of zeros for 'pa, 



~(j„(b, 0, 0) "4'„{0, 0, 0) 
Using the second set of zeros for <pa, we get 

f,{0, 0, 0)^^^s(0, 0, 0) 

~ fr(orci7"o} fASi, 0, 0} 

These two values are not the same, since 

f\((), 0, (S)^<pl{0, 0, 0). 

Hence we conclude that no relation of the t}'pe (3) exists. In the same way, 
the. expressions for the derivatives of all the various quotients of a ^ by a ^ in 
terms of the quotients themselves break down. 
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The difficulty seems to lie in the fact that the fundamental periods of ip^ are 
multiples of those of ipj . For we can pass from <p; to (['a + 1 by either of the two 
substitutions 

[x, y, z; x + !o^, y, z), (x, y, z; x, y, » + '-J)- 

At the same time <pj from whieh tpj was derived as the result of the substitution 
Si, is left unaltered by the first of these substitutions, and is changed into 
ifj+i by the second. 

All our relations, arrived at in a manner similar to that indicated above, 
brolie down when subjected to this test. 

It should be noted that this test does not apply in the case of the d- and 
ff-fnuctions. As no general theorem analogous to that made use of in this 
connection in the case of the 0-functions could be established for the functions 
here considered, the above method was employed, to show that no such relations 
exist. 

In a similar way, no quadratic relations between any of the fj and (^^ 
satisfying all the tests at our command, could be found. 

The objection, above mentioned, as holding good against the relations 
between the derivatives of the quotients and the quotients themselves, do not 
seem to held in the following cases, where only the quotients of the fj or of the 
^i are involved separately. Thus, it was found that 

1 3 ,w^ „ ,\ 



1 rf^(£jJhlU - 
")BLfs{a;, y, z)J 



fi{-'^> y> ^)^9'o(a^, y> ^)~fi>{^, y, -<■ 

8sLfs{«, y, s)J ' ' ^(a;, y, z) 

^o{0, 0, 0)f ^,(0, 0, 0) ,, . ,, , 

— ____Z£y____^ f\{x, y, z) — fl[x, y, z ) , 

-~<fi{9, 0, Oj-^UO, 0, 0]- fl{x, y, z) ^ 
and 

duLrpA", V, ')J fa{!', y, "j 

S*,(0, 0, 0)|-('.,(0, 0, 0) ,,, , ,,, , 

~f,(0, 0, 0) — f,{0, 0, 0) ■ ff(i7y> s) 



(6) 



which may be derived from (4) as the result of operating with S^, together with 
the other relations derived from them by all the operations at our command, 
satisfy all the tests that were applied to them. 

These results arc given here, not as proved relations, but as such which 
have not been disproved. 
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The derivatives with respect to x and y are more complicated than those 
with respect to z. Hence it will be at least no easier to establish relations 
involving the former than to establish any involving the latter. Tims 

*S = .?5 "f" rfe.<.« 

ay ("a ,„=_„ 

L os (03 W3 J 

Lay t"! a^ wa J 



Similarly 

■as-" "■ LaS'^-'s; 35"^ <;., Tz^'^,'"y 



g^ <^ =g-E^i] rSfu __ ^ ws 9f 4„ S^^a 9fa _ 



In some reBpecte the functions 

*« = f. fi *i = (»if. '■"■.= 1*1 !*a »''i = l>ii»B 

e simpler than the ^j and 5.''^ . Thus, from what was seen before, 

'^u> ^i> ^1 are even as to x and z simultaneously, and 
'F, is odd. 

s, »,= — «-"<»«>, «,*■,= — «-"»> y, 

S, », = «-'"■'»», ■SiS'i= «-"<"!', 

S, *, = r"»l f, S, r, = — «-"»> (f, 

Si«l,= «-"(» fi si''i= «-"**. 

«",(« + <•„ y, ' ) = »,("!■ y, ") ! ,■ 

*,( «, !/ + <•., 2 )=»,(!r, !/, 2) I 
<",( "i, S, » + ■«.)=«',(»!, !/, ') > 



' n 



y,(« + <.„ s, . )= i¥i+,{x,y,:) 

W,{ X, s + <»„ 2 ) = -?,(«, s, ,) 1^ .»■ = ». ,.l 

'^j( a;, ■ y, % + t,i^)= Wj{x, y, z) 

f,( ', V, ' + -')= ;«', + .("■-, J, ») J 
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wKile, as before 



are entirely new functions, not expressible in terms of <l>„, <Pi, ^''c, ?"i. 
OS Los W3 J 



Similarly 



OZ L OS ("a J 

as - "^ Id' 



,,3^^ ^»o)r3|i_*5r,"| 



Sl 



Si 



OS L OS Ws J 

de L 3s ("s 'J 

d^ L OS oij "J 

■ OS L OS ws J 



If by aid of these formulse, we attempt to express the derivative with respect to 
z of the quotient of any two of our functions (/*(,, d'^, 1'\ , '/'", in terms of any or 
all of the quotients, we will meet with the same difficulties as before. Thus if 
we take, for example 

3 ^5\__ 3'" 3' 

we shall find that of all the combinations of our functions only 0i W, behaves 
exactly like <^o ^^-^ — '^^c ^^ when put to the test of all the above operations, 
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anc! besides, the niimerafcor of our expression for the derivative vanishes for all 
tbe known aeros of 'Pi and of ?f\. But on writing 

dzL<P,{^,y,z)}~^ <l>l[x,y,z) ^' 

where, as before, C must be a constant, we shall find that, according as we use 
the first set of zeros or the second set of zeros of ^'^ (x, y , z), which are those 
of ijj^ {x, y, z) and ^^ {x, y, a), 



«>. 


(0, 


0, 


o)| 


*■.(», 


0, 


0) 


», 


(11 > 


u, 


U) 


«''.(0, 
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, U) 
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,(0, 


0, 


»)l 


«'.(0, 


0, 


0) 



^'~ <h{(i, 0, 0} '1\{(), 0, 0)' 
But these two are not the same, since 

(P„{0, 0, 0):t:<?'?(0, 0, 0). 

Hence we conclude that no relations of the tyi>e (6) exist. 

Quadratic relations between C5„, 0^, W^,, §\ also seem not to exist for the 
same reason, vik. because the periods of 0^ and 0^ are smaller than those of W^ 
and ¥i. 

It may he mentioned in this connection, that the following symmetrical 
quartic relation between the functions 0^, tf*,, W^^, ¥, was discovered in the 
course of the work, which, as far as could bo tested, satisfied all the conditions 



when A is a constant whose value can be obtained readily. 

IV. 

Consider the holomorphic function 

f^{x, y, z)— n (X+e^''"' + ''' + '"t!V''^"'"'"^<''+'''*''5) 
where the real part of a is negative. It is obvious that 
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Again, writing 

j,(x, J, s) = n(i+«"»+'>'-"i","'+'''-i<»+"+f.') 

we see at once that 

SJ,{x, y, .) = [l+e-"-"'''; + S + S]/,(»=, s, .). 
Finally, writing 

Pi", y, »)=/■(»!, V, ")■/,{':, !/, ^) 
we have 

S,F(!', !/, «)=«-•—■'<!■+ S+& F(.i^, J, »). 
We also have 

J'la.'+I'. », z) = J'(>i, J+ j". 2) = J'(«, ./, ' + "^) = Fi!0, y, !). 

If we put 

2a = A, 'l- — i^i> '-T— ^a, ^'=i?3 
3 4 4 

our function becomes 
X{x, y, .) = 

Now we have 

X(» + £„ !,, .) = X(s, s + fl„ ^) = X(«, s, j + fi,) = Jr(«, y, z), 
and, denoting by ?"„ the resulting form of Sp, viz. 
„ , , 3iU2, , 4rfl, , 6^fl, , , 2»fi, . tefl, , . iASi, ,, 

T^(x, y, z, «+^y, y\-sfp+^r\ '+^!'+-TrP + IS- P > 

we have 

^.^(j, J, z) = «-''-"ii. + 4 + 4 X(«, y, z). 

The function X.{x, y, a) which resembles the functions already considered, 
in being periodic, and in being reproduced to within a factor on being subjected 
to a linear eubstitution, seems to differ from them in not satisfying any simple 
differential equation or equations. There eeema also to be more freedom in 
obtaining the zeros of this function. Thus, while in the case of the functions 
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